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WKB (exact WKB analysis), , Fuchs
, 2 .
WKB , ,
Stokes , Stokes WKB ( Borel )
, WKB , 3 ([AKTI]) .
,
Painlev\’e WKB , Stokes
Stokes
([KT1], [AKT2], [KT2], [T1], [T2]) . , 3 –
Painlev\’e – WKB
. , Painlev\’e ,




(1) $\frac{d^{2}\psi}{dx^{2}}=\eta^{2}Q(x)\psi$ ( $\eta$ )
1056 1998 5-18 5
WKB , (1) Riccati
(2) $S^{2}+ \frac{dS}{dx}=\eta^{2}Q(x)$
( $\eta^{-1}$ ) $S^{\pm}(x, \eta)=\sum_{j\geq-1\eta^{-}}j(\pm 1)js_{j}(x)$ ( $S_{-1}(X)=$
$\sqrt{Q(x)})$ , $\psi_{\pm}=\exp\int^{x}S^{\pm}(X, \eta)d_{X}$ .
$S_{j}(x)$ , (2) . WKB
, .
1(i) $x=x_{0}$ (1) ( $x_{0}$ $Q(x)$ 3 pole)
, $S_{j}(x)$ $x_{0}$ $j$ .
(ii) $x=x_{0}$ (1) , $Q(x)$ 2 pole , $j$
$S_{j}(x)$ $x_{0}$ 1 pole .
(iii) $x=x_{0}$ (1) , $Q(x)$ 1 pole , $S_{j}(x)$
$x_{0}$ $j$ .
, WKB
. , ( , ) , $Q(x)$
.,
1 pole , WKB Borel




















$=$ $\frac{1}{\lambda}(..\frac{d\lambda}{dt}\mathrm{I}^{2}-\frac{1}{t}\frac{d\lambda}{dt}+\eta 2[16c_{\infty^{\lambda^{3}+\frac{8d_{\infty}\lambda^{2}}{t}}}-\frac{8c_{0}’}{t}-\frac{16c_{0}}{\lambda}]$ .
$\frac{d^{2}\lambda}{dt^{2}}$
$=$









$\frac{d^{2}\lambda}{dt^{2}}=G_{J}(\lambda,$ $\frac{d\lambda}{dt},$ $t)+\eta^{2}F_{J}(\lambda, t)$ ,





, $\lambda_{j}(t)(j\geq 1)$ $\lambda_{0}(t)$
. , , $\lambda_{J}^{(0)}(t)$
$0$ . , 2 $(\alpha, \beta)$
$2$ $\lambda_{J}(t;\alpha, \beta)$ .
(3) $\lambda_{J}(t,\cdot\alpha, \beta)=\lambda_{0}(t)+\eta^{-}\lambda_{1/2}(1/2t, \eta)+\eta\lambda_{1}-1(t, \eta)+\cdots$ .
$\lambda_{0}.(t)$ , $\lambda_{j/2}(t.’\eta)(j\geq 1)$ .
(4) $\lambda_{1/2}(t, \eta)$ $=$ $\mu_{J}(t)(\alpha\exp\Phi_{J}+\beta\exp(-\Phi J))$ ,
(5) $\lambda_{j/2}(t, \eta)$ $=$ $\sum_{k=0}^{j}b_{j2}^{(j/2)}-k(t)\exp((j-2k)\Phi J)$ $(j\geq 2)’$.
7
$\exp\Phi_{J}=\exp(\eta\int^{t}\sqrt{\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(s),S)}d_{S})(\theta_{J}(t)\eta)^{\alpha\beta}2$
. ( $\mu_{J}(i)$ $\theta_{J}(t)$ $t$ . [T2] . )
$\lambda_{J}(t;\alpha, \beta)$ $(P_{J})$ ( ) ,
WKB ( – ) .
2 , .
, Painlev\’e $(P_{J})$ Hamilton
$(H_{J})$ $d\lambda/dt.=\eta\partial K_{J}/\partial\nu$, $d\iota \text{ }/dt=-\eta\partial K_{J}/\partial\lambda$
( $K_{J}$ [KT2] ) . Hamilton $(H_{J})$
, $(P_{J})$ $0$ $(\lambda_{J}^{(0)(}(t), \mathcal{U}_{J}0)(t))$ . ,
, $(H_{J})$ $(\lambda_{J}^{(0)}(t))\mathcal{U}_{J}(0)(t))$
(6) $\lambda=\lambda_{J}^{()-1/2}0(t)+\eta U$ , $\nu=\nu_{J}^{(0)-1/2}(t)+\eta V$
, $(U, V)$ Hamilton
.
(7) $dU/dt–\eta\partial \mathcal{K}_{J}/\partial V$, $dV/dt=-\eta\partial \mathcal{K}_{J}/\partial U$ .
Hamilton (7) , $\mathrm{B}\mathrm{i}\mathrm{r}\mathrm{k}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{f}$
. ,
2 $(U, V)$ $(\tilde{U},\overline{V})$
(8) $\{$
$U$ $=$ $u_{0}(\overline{U},\overline{V})+\eta^{-1/2}u_{1}(\tilde{U},\overline{V})+\cdots$ ,
$V$ $=$ $v_{0}(\overline{U},\overline{V})+\eta^{-1/2}v_{1}(\overline{U},\overline{V}.)+\cdots$ ,
( $u_{j},$ $v_{j}$ , . $(\tilde{U},\tilde{V})$ $(j+1)$ , , . $t$
$\eta^{-1/2}$ ) , Hamilton (7)
(9) $\tilde{\mathcal{K}}_{J}=\sum_{l=0}\eta^{-}f^{()}l\iota(t, \eta\infty)(\tilde{U}\overline{V})^{l1}+$
$(f^{(l)}(t, \eta)=\sum_{j\geq 0}\eta-j/2fj(\iota/2)(t)$ , $t$ $\eta^{-1/2}$ )
Hamiltonian Hamilton . ,
$f_{0}^{(0)}(t)=\sqrt{\frac{\partial F_{J}}{\partial\lambda}(\lambda_{0}(t),t)}$ , $f_{1/2}^{(0)}(t)=0$
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.Hamiltonian $\tilde{\mathcal{K}}_{J}$ $\overline{U}\overline{V}$ ,
Hamilton
(10) $d\overline{U}/dt=\eta\partial\overline{\mathcal{K}}J/\partial\tilde{V}$ , $d\tilde{V}/dt=-\eta\partial\overline{\mathcal{K}}_{J}/\partial\overline{U}$ ,






$=$ $- \beta\exp(-\eta\int^{t}\sum\eta^{-l}(l+1)f^{(\iota})(S, \eta)(-\alpha\beta)\iota d_{S})$
(10) . $\alpha$ $\beta$ (
$\eta^{-1/2}$ ) . (11) (8) (6)
, 2 (3) .
2 , .




, Painleve $(P_{J})$ 2 $-$ $\lambda_{J}(t;\alpha, \beta)$ .
2 ,
.
1 , $(P_{J})$ .
$J=\mathrm{I},$ $\mathrm{I}\mathrm{I},$
$\mathrm{I}\mathrm{V}^{\cdot}$ : $\{\infty\}$ ,
$J=\mathrm{I}\mathrm{I}\mathrm{I},$
$\mathrm{V}$ : $\{0, \infty\}$ ,
$J=\mathrm{V}\mathrm{I}$ : $\{0,1, \infty\}$ .
, $J=\mathrm{I},$ $\ldots,$ $\mathrm{V}$ $t=\infty$ ,
( $J=\mathrm{I}\mathrm{I}\mathrm{I},$ $\mathrm{V}$ $t=0$ , $J=\mathrm{V}\mathrm{I}$ 3 )
9
. , $J=\mathrm{I}$ II 2







, $\lambda(t;\alpha, \beta)$ $\lambda_{0}(t)$ . ( , $(P_{\mathrm{V}\mathrm{I}})$
, VI . ) $(P_{\mathrm{V}\mathrm{I}})$ , $F_{\mathrm{V}\mathrm{I}}(\lambda, t)$
, (generic ) $\lambda$ 6
. $F_{1}=0$ $\lambda_{0}(t)$ 6 . $t=0$
, $F_{\mathrm{V}\mathrm{I}}$ ( 1 ) , 3 ’- $\text{ ^{}\mathrm{o}}$
.
(A) $\lambda_{0}(t)=a_{0}+a_{1}t+\cdots,$ $a_{0}\neq 0$ . $a_{0}$ $(a_{0}-1)^{2}=$
$c_{1}/c_{\infty}\sim$ ( $\sim c_{\infty}=C_{0}+c_{1}+c_{t}+c_{\infty}$). ,
(12) $\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(t),t)}=-\frac{2}{t}(\sqrt{\sim c_{\infty}}\pm\sqrt{c_{1}})+\mathcal{O}(t^{0})$.
(B) $\lambda_{0}(t)=a_{1}t+\cdots$ , $0$ . $a_{1}$
$((1/a_{1})-1)^{2}=C_{t}/c_{0}$ ,
(13) $\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(t),t)}=-\frac{2}{t}(\sqrt{c_{0}}\pm\sqrt{c_{t}})+\mathcal{O}(t^{0})$ .
(C) $\lambda_{0}(t)=a_{1/2}t^{1/2}+a_{1}t+\cdots$ $t^{1/2}$ . $a_{1/2}$ $a_{1/2}^{2}=$
$(c_{t}-c_{0})/(c_{1}-C\infty)\sim$ . ,
(14) $\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(t),t)}=\frac{2}{t^{3/4}}\sqrt{\pm 1}\sqrt[4]{(ct-c0)(c1^{-\overline{C})}\infty}+\mathcal{O}(t-1/2)$ .
WKB , $s_{-1}(x)=\sqrt{Q(x)}$
. 2 (3) $-(5)$ , Painlev\’e
$\sqrt{(\partial F/\partial\lambda)(\lambda_{0}(t),t)}$ . ,
10
, 3 (A) (B) , $Q(x)$ 2 pole
(1) , (C) , $Q(x)$ 1 pole
(1) . , (A) (B) $\mathrm{r}_{\mathrm{d}\mathrm{o}\mathrm{u}}-$
$\mathrm{b}\mathrm{l}\mathrm{e}$ pole , (C) rsimple pole .
, Painlev\’e double pole simple pole
. double pole simple pole .
$.\tau$ (C) , $\sqrt{(\partial F/\partial\lambda)(\lambda 0(t),t)}$ $t=0$ (14) , ,
simple pole $\sqrt{Q(x)}$
.
. , WKB Painlev\’e , t-
$\lambda_{0}(t)$ Riemann . (C) $\lambda_{0}(t)$
$t=0$ (2 ) , $t$ $t=t^{1/2}\sim$
. , $t=0\sim$
$\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(t),t)}dt=(\frac{4}{t^{1/2}\sim}\sqrt{\pm 1}\sqrt[4]{(c_{t}-c\mathrm{o})(_{C}1^{-\overline{C})}\infty}+\mathcal{O}(^{\sim}t)0\mathrm{I}dt\sim$
, simple pole – .
4.2 double pole
, 2 $\lambda(t;\alpha, \beta)$ , $t=0$ WKB
. (B) , 1(ii) .
12 $\lambda(t;\alpha, \beta)$ $\lambda_{0}(t)$ $t=0$ (B) .
, Birkhoff $f^{(\iota)}(t, \eta)$ $t=0$
1 pole , .
(15) $\{$
${\rm Res}_{t=0}f^{(0)}(t, \eta)$ $=$ $-(\sqrt{4C_{0}+\eta^{-2}}\pm\sqrt{4c_{t}+\eta^{-2}})$ ,
${\rm Res}_{t=0}f(1)(t, \eta)$ $=$ 1,




-.\llcorner double pole , simple pole (C) , $f^{(l)}(t, \eta)$
$\eta$ .
1(iii) , , (C) $t=0$
.
1 $t=0$ ( 1 ) , $t=0$
$(P_{\mathrm{V}\mathrm{I}})$ Stokes .
(16) ${\rm Im} \int_{0}^{t}\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(S),S)}dS=0$ .
$\lambda_{0}$ , $t=0$ (C) . $((14)$
, (16) $s=0$ . )
, simple pole $t=0$ Stokes
, Stokes . Stokes ,
Stokes , Stokes




$(SL_{\mathrm{V}\mathrm{I}})$ $(- \frac{\partial^{2}}{\partial x^{2}}+\eta^{2}Q\mathrm{v}\mathrm{I}(X, t, \lambda, \mathcal{U}, \eta))\psi=0$ .
, $(SL_{\mathrm{V}\mathrm{I}})$ $(P_{\mathrm{V}\mathrm{I}})$
([JMU], [O] . $Q_{\mathrm{V}\mathrm{I}}$ [KT2] ) . ,
$Q_{\mathrm{V}\mathrm{I}}(x, t, \lambda, \nu, \eta)$ $(\lambda, \nu)$ , $(H_{\mathrm{V}\mathrm{I}})$ 2
. , $Q\mathrm{v}\mathrm{I}$ ( $\eta$ ) $Q\mathrm{v}\mathrm{I},0$
$Q_{\mathrm{V}\mathrm{I}},0= \overline{c}_{\infty}\frac{(x-\lambda_{0})2(x-a1)(x-a_{2})}{(x(_{X-}1)(X-t))^{2}}$
. $\lambda_{0}$ 2 , $a_{j}(j=1,2)$ ,
$tarrow \mathrm{O}$ .
$\lambda_{0}=\mathcal{O}(t^{1/2})$ , $a_{1}=\mathcal{O}(t)$ , $a_{2}=\mathcal{O}(t^{0})$ .
12
$0$
Figure 1: $t=0$ $(P_{\mathrm{V}\mathrm{I}})$ Stokes , $(SL_{\mathrm{v}\mathrm{I}})$ Stokes
.
, (16) Stokes Stokes
, $t=t_{*}$ Stokes , $(SL_{\mathrm{V}\mathrm{I}})$ (x-
) Stokes ( ) .
, .
3 $t=t_{*}$ (16) $t=0$ $(P_{\mathrm{V}\mathrm{I}})$ Stokes
, $(SL_{\mathrm{V}\mathrm{I}})$ , 2
$\lambda_{0}$ Stokes $x=0,$ $t_{*}$ 2
$\lambda_{0}$ ( 1 ) .
, $\lambda_{0}$ $x=0,$ $t_{*}$ $\lambda_{0}$ $\gamma$ ,
(17) $\int_{0}^{t_{*}}\sqrt{\frac{\partial F_{\mathrm{V}\mathrm{I}}}{\partial\lambda}(\lambda_{0}(S).’ s)}d_{S}=\int_{\gamma}\sqrt{Q_{\mathrm{V}\mathrm{I}0}(x,t_{*})}dx$
.
3 , $t=0$ $(P_{\mathrm{V}\mathrm{I}})$ Stokes
, $\mathrm{I}\mathrm{I}$ , $t$ ,
$(SL_{\mathrm{V}\mathrm{I}})$ Stokes ( 2, 3) .
$(SL_{\mathrm{V}\mathrm{I}})$ Stokes
, $t=0$ Stokes $(P_{\mathrm{V}\mathrm{I}})$ ( 1
) .
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Figure 2: $t$ I $(SL_{\mathrm{V}\mathrm{I}})$ Stokes




(18) $\psi_{\pm}^{(j)}=\frac{1}{\sqrt{S_{\mathrm{o}\mathrm{d}\mathrm{d}}}}\exp\pm\int_{a_{j}}^{x_{S_{\mathrm{o}\mathrm{d}\mathrm{d}}dX}}$ $(j=1,2)$ .
( $S_{\mathrm{o}\mathrm{d}\mathrm{d}}$ $(SL_{\mathrm{V}\mathrm{I}})$ Riccati (2) $S^{\pm}$ . ) , $\psi_{\pm}^{(j)}$
$x^{(j)}$ ( 2, 3) . [AKT2, (2.14)]
$\partial s_{\mathrm{o}\mathrm{d}\mathrm{d}}./\partial t=\partial(A_{\mathrm{v}\mathrm{I}}S\mathrm{o}\mathrm{d}\mathrm{d})/\partial X$ , 2
$\frac{\partial}{\partial t}\psi_{\pm \mathrm{V}}^{(j)}=A\mathrm{I}\frac{\partial}{\partial x}\psi^{(j}\pm-\frac{1}{2})\frac{\partial A_{\mathrm{V}\mathrm{I}}}{\partial x}\psi_{\pm}^{(j)}$
( $A_{\mathrm{V}\mathrm{I}}= \frac{\lambda-t}{t(t-1)}\frac{x(x-1)}{x-\lambda}$ ) . , $\psi_{\pm}^{(j)}$ (18)
( $a_{j}$ $x^{(j)}$ $x$ ) , Stokes
( , )
, $\psi_{\pm}^{(j)}$ Borel $(x^{(j)}, t_{*})$ .
, , $\psi_{\pm}^{(j)}$ ( Borel )
$t$ . , $x^{(1)}$ $x=0$







$M_{1}$ $M_{2}$ . ,
, 2 $M_{j}$ , $(SL_{\mathrm{V}\mathrm{I}})$
. ( $\psi_{\pm}^{(j)}$ $x=t$ $x=1$
. , $\psi_{\pm}^{(1)}$ , $x=t$ 1
, $t$ I , $(P_{\mathrm{V}\mathrm{I}})$ 2 $\lambda(t; \alpha, \beta)$
. $Q\mathrm{v}\mathrm{I}$ $(SL_{\mathrm{V}\mathrm{I}})$ .
WKB , $\mathrm{J}/I_{j}$ $(j=1,2)$
( 1 ) . $\backslash ^{\mathrm{o}}\text{ }-$
$(\alpha, \beta)$ , $lI_{j}(\alpha, \beta)$ . , $t$ II
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2 $\lambda(t;\tilde{\alpha},\tilde{\beta})$ , $M_{j}$ $(j=1,2)$ .
$(\tilde{\alpha},\tilde{\beta})$ $\overline{M}_{j}(\tilde{\alpha},\tilde{\beta})$ . , I
II $(SL_{\mathrm{V}\mathrm{I}})$ Stokes , $M_{j}(\alpha, \beta)$ $\overline{M}_{j}(\tilde{\alpha},\tilde{\beta})$
. - , , I $\lambda(t;\alpha, \beta)$ II
$\lambda(t;\tilde{\alpha},\tilde{\beta})|$ $(P_{\mathrm{V}\mathrm{I}}.)$ $-$ , $lVI_{j}$
$(j=1,2)$ – . , $M_{j}(\alpha, \beta)=\overline{M}_{j}(\tilde{\alpha},\tilde{\beta})$ $(j=1,2)$
. , $t=0$ Stokes
2 2 $\lambda(t;\alpha, \beta)$ $\lambda(t\cdot;\tilde{\alpha},\tilde{\beta})$ ( ,
) . ,
Stokes .
, $M_{j}(\alpha, \beta)$ $\overline{M}_{j}(\tilde{\alpha},\tilde{\beta})$ ,
( 1 ) .
2 $t=0$ Stokes ( I) 2
$\lambda(t;\alpha, \beta)$ , ( II) $\lambda(t;\tilde{\alpha},\overline{\beta})$ , $\alpha,$ $\beta$
( $\eta^{-1/2}$ ) 1 $\alpha_{0},$ $\beta 0$ ,
.
(19) $\theta_{\beta_{0}}$ $=$ $\theta_{\overline{\beta}_{0}}$ ,
(20) $ie^{-i\pi\dot{E}_{0/}}\theta_{\beta}4\theta_{\alpha_{0}}0+$ $=$ $-ie^{i\pi\overline{E}0/4}\theta\overline{\beta}0+\theta_{\overline{\alpha}0}$ .
, $E0=-8\alpha 0\beta 0$ , $\theta_{\alpha_{0}},$ $\theta\beta 0$ .
$\theta_{\alpha_{0}}$ $–$ $\frac{\alpha_{0}}{\Gamma(E_{0}/4+1)}2^{5E_{0}/4}e^{-}i\pi E0/4$ ,
$\theta_{\beta_{0}}$ $=$ $\frac{\beta_{0}}{\Gamma(-E_{0}/4+1)}2^{-5E\mathrm{o}/i\pi E}4e0/4$ .




, . 3 ,
. ,
( $\mathrm{A}$ , 09740101)
.
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